ABSTRACT. We derive some important geometric identities for Lagrangian submanifolds immersed in a Kähler manifold and prove that there exists a canonical way to deform a Lagrangian submanifold by a parabolic flow through a family of Lagrangian submanifolds if the ambient space is a Ricci-flat Calabi-Yau manifold.
Let L n be a smooth submanifold, immersed into a Ricci-flat Calabi-Yau manifold M 2n with complex structure J and metric g . Let ω = g(J·, ·) be the Kählerform on M and let g, ω denote the pullbacks on L . If ω = 0 , then L is called Lagrangian. It is an interesting question, if there exists a canonical way to deform an initial Lagrangian submanifold L 0 through a family of submanifolds L t such that each L t is also Lagrangian, i.e.
d dt ω = 0 . Given a 1-form on a Lagrangian submanifold, one can first identify this 1-form with a vectorfield by using the metric g and then apply the complex structure which by the Lagrangian condition maps this vector field to a normal vector field. Assuming that we deform the Lagrangian submanifold in this direction, one obtains the necessary condition that this 1-form has to be closed in order to maintain the Lagrangian structure. This has been proven in [5] but will also become clear in this paper. However, it is not clear if this is also sufficient. So if one wants to find such a canonical deformation the first thing one has to make sure is that there exists a canonical, closed 1-form on a Lagrangian submanifold. Surprisingly this is true if the ambient space is Ricci-flat. The corresponding 1-form can be defined in terms of the second fundamental form and we denote this one form by "mean curvature form" (see definition below) since the resulting deformation vector field is given by the mean curvature vector which can be defined for arbitrary smooth submanifolds. To prove that this form will indeed give a flow that preserves the Lagrangian structure we will first derive some important geometric identities some of which are analogous to the Gauss-Weingarten, Codazzi equations, etc. Then we prove that the deformation vector field deforms the initial surface uniquely through submanifolds at least on some short time interval and by using a parabolic maximum principle it finally follows that ω has to vanish identically. 1 Supported by a Feodor Lynen Fellowship of the Alexander von Humboldt Foundation 2 email: ksmoczyk@abel.math.harvard.edu Let us now define the following map:
where (T p L n ) ⊥ is the normal space of L at p and ⊤ denotes the projection onto
T p L n . In the forthcoming let us assume that L is a compact submanifold such that N is always an isomorphism between T p L and (T p L) ⊥ . Then we define the following tensor on L :
where ∇ denotes the covariant derivative on M . For a fixed vector u this is the second fundamental form with respect to the normal vector N (u) . Assume that F :
respectively and set e i := ∂F α ∂x i ∂ ∂y α , where double indices are always summed from 1 to n or to 2n respectively. Furtheron we will always write u, v instead of g(u, v) . Then
Since h(u, ·, ·) is the second fundamental form associated with N (u) , we clearly have h(e k , e i , e j ) = h kij = h kji Now we ask: Under what condition is h ijk also symmetric in the first two indices? The answer is Proposition 1.1 :
where we used that
We will need the following identity Proposition 1.2 :
Proof: This follows from the rule for interchanging derivatives and the fact that ω is closed:
where we have used the Bianchi identity in the last step.
Remark: If v α , α = 1 . . . 2n is a basis for T p M 2n and a αβ is the inverse of a αβ := v α , v β , then any vector w ∈ T p M 2n can be written in the form w = a αβ w, v α v β . Now define the following tensor
This is a positive definite, symmetric tensor as long as N is an isomorphism. Let us also denote the inverse of η ij by η ij . In the forthcoming we will always assume that e i , i = 1 . . . n are not only defined on L but that we have chosen an extension in a tubular neighborhood of L . All the stated equations like ∇ e i e j = . . . , etc. will mean that this is true if we restrict these terms to the submanifold L . In particular it will always be true that these results are independent of the chosen extension for e i , i = 1 . . . n .
where an underlined index means that one has to take the image of this vector under N , e.g. R ijkl = R(e k , e l )e j , N (e i )
Proof: (a): The above remark with
With (a) we get
Now we compute
since e s , N (e n ) = 0 . Then 
Proof: Using Proposition 1.1 we obtain
and with Proposition 1.2 and 1.3 (b)
and by the Gauss curvature equations we have
which proves the proposition. Definition 1.5 :
Remark: Using η ij to raise indices we can identify this 1-form with the vector field η mn H m e n which then will be mapped under N to the outward pointing mean curvature vector on L (the notion "outward pointing" does not really make sense for arbitrary codimensions but we will denote this vector by outward pointing since the construction is analogous to the construction of the outward pointing mean curvature vector in codimension 1). Note that if L is Lagrangian then η ij = g ij . We are now going to prove that the following evolution exists at least on some short time interval and is unique if L is compact. Therefore assume that L is a compact manifold smoothly immersed into a Ricci-flat Calabi-Yau manifold by an immersion F and assume that η ij is positive definite everywhere on L . Then we want to find a smooth family of immersions F t such that
( * ) has a unique solution on a short time interval.
Proof: The proof is formally the same as for the mean curvature flow in codimension 1. We will use Hamilton's existence theorem for evolution equations with an integrability condition (see [1] ). Let π N be the projection on the normal bundle and π L be the projection on the tangent bundle of L . Here we have
On the symbol level we get
If we multiply 1.3 (a) with g ij we see that the symbol is given by
Therefore we are done if we use π L ( F ) = 0 as our integrability condition.
Now we want to derive the evolution equation for g ij and ω ij .
where dµ is the volume form on L t .
Proof: From now on let us always assume that we have chosen normal coordinates at a fixed point p ∈ L with respect to the metric g ij such that in addition e i , i = 1, . . . , n are eigenvectors for η ij , i.e. η ij becomes diagonal in this coordinate frame. We will also assume that we have chosen normal coordinates at p for the ambient manifold M . Under this assumptions it is easy to see that
which gives (a) and (b). For ω we can proceed similarly
Then we use the closedness of ω to obtain
by the antisymmetry of ω . Then we observe that
which proves (c).
Proposition 1.8 :
For each compact time interval [0, T ] on which a smooth solution of ( * ) exists and where the flow is well defined, i.e. where N is an isomorphism, we can find a positive constant such that
Proof: First we will need the evolution equation for |ω|
Using Proposition 1.7 and Lemma 1.4 we obtain
Now it is easily checked that each absolute term which depends quadratically on ω can be bounded above by a term c|ω| 2 since L × [0, T ] is compact, e.g. in normal coordinates we see that this is true for a term of the form 2ω sl ω m l a sm :
These constants depend on the dimension n , on η ij , h ijk , T and the Riemann curvatures. This gives
The only thing which we have to prove is that the last term in the above inequality can be bounded by a term of the form c|ω| 2 . This will follow from the Ricci flatness of the ambient space. Let us assume that v i is an orthonormal basis of eigenvectors for η ij and that, at a fixed point p ∈ L we have chosen normal coordinates for L such that e i = v i and that we have also chosen normal coordinates for M such that the corresponding coordinate frame is given by e i , N (e i ) . Then the metric g αβ at this point is given by
. . .
Using the Kähler identity we see that this is equal to
Now we use the Bianchi identity and see that
If we choose X = e l , Y = −J(e k ) then we get
R(e l , N (e i ))J(N (e i )), e k and since a i ≤ |ω| 2 and 1 1−a i is bounded as long as N is an isomorphism, we can bound each of these terms by a constant multiple of |ω| 2 . That eventually proves Proposition 1.8
If L is a closed manifold, smoothly immersed as a Lagrangian submanifold into a Ricciflat Calabi-Yau manifold, then equation ( * ) has a unique, smooth solution at least on some short time interval and as long as the solution exists all submanifolds L t are Lagrangian submanifolds.
Proof: Existence and uniqueness follows from Proposition 1.6. To prove that this flow preserves the Lagrangian structure we fix a time interval [0, T ] and look at the function f ǫ := |ω| 2 −ǫe 2ct , where ǫ is an arbitrary, positive constant and c is as in Proposition 1.8. Obviously f ǫ (0) = −ǫ < 0 . On the other hand we obtain from 1.8 that
Thus by the parabolic maximum principle we get that f ǫ < 0 for all t ∈ [0, T ] and all positive ǫ . Then we let ǫ tend to zero and obtain the inequality |ω| 2 ≤ 0 on [0, T ] . Since also |ω| 2 ≥ 0 this shows that |ω| 2 has to vanish identically and thus ω ≡ 0 . This proves the theorem.
The Lagrangian case:
We now turn our interest to the Lagrangian submanifolds. Since ω ≡ 0, η ij = g ij , N = J we can restate the equations in 1.1 and 1.3 which now become very beautiful Proposition 2.1 :
These equations are true for any Lagrangian submanifold. If in addition L is immersed into a Ricci-flat Calabi-Yau manifold then we also have the important identity (e) dH = 0
In the forthcoming we will set ν s := ν 
On the other hand we have
Both equations together imply (b).
The evolution equation now takes the form
We also want to restate Proposition 1.7
Proposition 2.3 :
Now we derive the evolution equation for h jkl . The best way to do this is to assume that we have chosen double normal coordinates at a given fixed point p ∈ L , i.e. normal coordinates for L and M . With Proposition 2.2 (a) and ( * ) we obtain
since all other derivatives vanish in normal coordinates. Let us denote these three terms by A, B and C . For A we get
Using 2.2 (b) we see that this simplifies to
again since all other derivatives vanish and because of ω αβ e α i e β j = 0 . Finally 
α j e β k ) After rearranging indices in the last term we see that this term equals
But since we have chosen normal coordinates this is exactly
Therefore we obtain the result Proposition 2.4 :
We note that the RHS of 2.4 is a symmetric three tensor since this is true for h jkl . This can also be proved directly by using the rule for interchanging derivatives, the Gauss curvature equations, the first Bianchi identity and the Kähler identity. If we assume that L is deformed by a different 1-form θ then it is easily checked that the same calculations as above give the general evolution equations Proposition 2.5 :
as long as a smooth solution of ( * ) exists.
Proof: The evolution equations for H and the volume form give
The Hölder inequality gives
and since d † is the negative adjoint to d we obtain
This proves the corollary.
Let us finally prove the following identity which might be useful for further investigations of the mean curvature flow.
Proposition 2.9 :
Proof: Using 2.1 (c) and the rule for interchanging derivatives we obtain
Then the result follows from the Gauss curvature equations and the fact that
Remarks and questions:
There are many interesting questions arising from this context. First of all the above calculations show that the mean curvature form of a Lagrangian submanifold is closed if the ambient space is a Ricci-flat Calabi-Yau manifold. Therefore it makes sense to define the mean curvature class [H] as the cohomology class of the mean curvature form. If L is a minimal Lagrangian submanifold then clearly [H] = 0 . The question is, if these are the only Lagrangian submanifolds with trivial mean curvature class. It could also be possible that the mean curvature class is always trivial. Note that the triviality would guarantee the existence of a smooth function φ such that ∇ i φ = H i , or equivalently J would map the mean curvature vector to a gradient vector field belonging to a smooth function. If L is a compact and orientable surface then the Hodge-de Rham theory implies that one can always find a function φ such that H − dφ is harmonic. Thus if the first Betti number of L is zero then H would be exact. Are minimal Lagrangian submanifolds automatically special Lagrangian? Under what conditions can one deform a Lagrangian submanifold into a special Lagrangian? Is this always, never or at least sometimes possible, perhaps under the assumption that the mean curvature class is trivial? We also note that the mean curvature vector has to vanish at least in one point if the Lagrangian surface cannot admit an everywhere nonzero, smooth tangent vectorfield because the complex structure maps a nowhere vanishing, smooth normal vector field to a smooth and nowhere vanishing tangent vector field. Another remarkable fact is that the pair (Lagrangian, special Lagrangian) seems to be analogous to the pair (U(n) holonomy, SU(n) holonomy). Since it has turned out in the past that the mean curvature flow and the Ricci flow are always giving analogous results, one might ask under what conditions does the Ricci flow or perhaps a different flow preserve the holonomy in particular the U(n) holonomy of a metric. Since the mean curvature flow is stationary on minimal surfaces and thus on special Lagrangian surfaces and the Ricci flow is stationary on Ricci-flat manifolds this indicates that under some additional assumptions (trivial canonical bundle, etc.) it might be possible to deform a Kähler manifold into a Calabi-Yau manifold by using the Ricci flow.
If one wants to deform a special Lagrangian manifold through special Lagrangian manifolds then the corresponding 1-forms have to be closed and coclosed, i.e. harmonic. This is sufficient and necessary and has been proven in [5] (we only proved that this is necessary). Unfortunately there is no canonical harmonic 1-form known which could be used to deform such a surface. The most obvious approach would be to define a coordinate system on the moduli space of special Lagrangian manifolds by requiring that the cohomology class does not change, thus giving something like geodesic normal coordinates (see [7] ). However there are still great difficulties in particular the existence of such a flow has not been proven. Assuming that a special Lagrangian manifold moves under a flow generated by a harmonic 1-form one immediately gets a good insight in the structure of the evolution equations by studying the corresponding evolution equations for the mean curvature flow on Lagrangian submanifolds. This is very analogous to the situation of a hypersurface evolving in an ambient space. In that case the equations induced by the mean curvature flow and those coming from different curvature functions are very similar (see [6] ) and the equations for a Lagrangian surface deforming by its mean curvature are also analogous to those coming from a deformation of special Lagrangian surfaces by harmonic 1-forms as we have already seen. Thus the study of the mean curvature flow on the moduli space of Lagrangian submanifolds in a Ricci-flat Calabi-Yau manifold would help much in understanding what happens to special Lagrangian surfaces.
Any smooth submanifold has a mean curvature vector and therefore it would be possible to investigate the mean curvature flow for arbitrary codimensions. But this far the mean curvature flow has only been studied in codimension 1, i.e. for hypersurfaces (see for example [4] ). The reason for this is that a hypersurface has a unique (up to the sign) unit normal vector. Given a basis of the tangent space one can therefore identify this basis with a basis of the normal bundle which in that case has dimension 1. For a Lagrangian submanifold this is possible by using the complex structure J . Thus, as we have seen it is possible to compare the different second fundamental forms on L which is a severe problem for a general submanifold.
There might be a greater number of canonical deformations. Given any smooth family of functions f (t) on L one gets closed 1-forms θ t , namely θ t = df t . Obviously df t is closed independent of the metric on L and therefore independent of the immersion of L into M . The corresponding flow (if it exists) would preserve the Lagrangian structure since always d dt ω = dθ t . On the other hand there is a great number of canonical, smooth functions on L . These functions are the eigenfunctions of the Laplace operator, i.e. ∆f i + λ i f = 0 . It would be interesting to study the behaviour of L under these flows, i.e. with ∆ t f (t) + λ i (t)f (t) = 0 .
